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Abstract The non-standard Schwinger fermionic representation of the unitary group is
studied by using n-fermion operators. One finds that the Schwinger fermionic representation
of the U (n) group is not unique when n > 3. In general, based on n-fermion operators, the
non-standard Schwinger fermionic representation of the U (n) group can be established in a
uniform approach, where all the generators commute with the total number operators. The
Schwinger fermionic representation of U (C}') group is also discussed.
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1 Introduction

There are many kinds of important mappings between spin systems and multi-boson or
multi-fermion systems. They not only essentially simplify the analysis of the problems un-
der consideration, but also help us to understand various aspects of them. The most famous
among these mappings are the Schwinger [1, 2], Holstein-Primakoff [3] bosonic represen-
tations and the Jordan-Wigner transformations [4]. The first two map an arbitrary spin to a
bosonic system, while the third establishes a connection between one-dimensional spin-1/2
lattice and spinless fermions on the same lattice. These representations are very successful
in describing magnetism in various quantum systems [5—10]. They also play a significant
role in many other contexts. For example, the Schwinger representation has been exploited
in quantum optics [11] and in the study of certain classes of partially coherent optical beams
[12]. The Jordan-Wigner transformation has also been used to simulate the interacting fermi-
ons with quantum computers [13].
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A lot of work has been done to generalize these mappings in several ways. Chaturvedi
and Mukunda have extended the Schwinger representation to the SU(3) case on the primes
of that each unitary irreducible representation appears exactly once [14]. Kim has discussed
the Schwinger representation based on the mixed sets of creation and annihilation operators
of bosonic and fermionic type [15]. The Jordan-Wigner transformation has been generalized
to arbitrary spin case and also the fermions were replaced by anyons [16, 17]. In addition,
there are some new kinds of constructions of the SU(2) algebra being reported [18, 19].

The purpose of this paper is to study the Schwinger representation of unitary group by
using n-fermion operators. The work is organized as follows: In Sect. 2, to make the paper
be self-contained, we make a brief review for the standard Schwinger representation (SSR)
of unitary group with bosons and fermions. In Sect. 3, we show that the realization of the
U (3) group with 3-fermion is not unique, by providing a non-standard Schwinger fermionic
representation (NSSFR). In Sect. 4, we develop a uniform approach to establish the NSSFR
of the U (n) group based on n-fermion operators (n > 3), where all the generators commute
with the total number operators. In Sect. 5, we discuss the Schwinger fermionic representa-
tion of the U(C;") group based on n fermions. Conclusion is made in the last section.

2 Brief Review of SSR

In the standard Schwinger bosonic representation of SU(2) group, the three generators are
mapped onto the bilinear form of the bosonic operators as

1o
Jh = E(blbz—i—b;b]),

1 .
I = z—i(bsz —biby), 6

1o
Jh= S (bibi = blby),
where b; and bf (i =1,2) are the annihilation and creation operators of the i-th boson,

respectively.
The commutation relations of n independent bosonic operators are

[bi.b1=6;;. [bi.bj1=1[b],b']=0. )

J iV
Let Qf-’j = bjbj, it is easy to have
(07 O] = 81 0f) — 81 Q3. 3)

which remarkably shares the same commutation relation of matrices e;;, having 1 in the
(i, j) position (i.e., the i-th arrow and the j-th column of the matrix) and O elsewhere. If G;
is a matrix generator of a Lie group and G?ﬂ denotes its elements in the («, B) position, then
the operators G;’, which are defined by the linear combinations of ij as

Gl = Y G 0l = Y b6y, @
73] aff

obey the same commutation relations as those of the matrices G;. It means that the operators
Gf’ form a representation of the Lie group represented by G;. When n =2 and G; = 0, /2
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(where o; are the Pauli matrices, i = 1, 2,3), (4) gives the standard Schwinger bosonic
representation of the U (2) group as in (1).

The annihilation and creation operators in (4) are not necessarily restricted to bosons.
Notice that the anticommutation relations of n independent fermions are

{ai,al}=68;, fai,a;}={a] a]}=0, )

where a; and aj' are annihilation and creation operators of the i-th fermion. The key point is
that the bilinear form operators Q;f; = a;f a; also obey the commutation relations of e;;. Thus

replacing Qgﬁ by Q(f:ﬁ in (4), one gets the standard Schwinger fermionic representation of
the Lie group

6 =Y 670l = Yl e ©
aff af

There are n? independent operators Qﬁ’j or Qlfj for n bosons or fermions. They can con-
struct the U (n) Lie algebra, and all the generators commute with the total number operator
Nt =" NP =30 bbb, or N =3" N/ =3 ala;. Since the Hamiltonians of
the n-dimensional bosonic and fermionic oscillators are H? = N* + %, H/ = N/ 4+ % Itin-
dicates that both n-dimensional bosonic and fermionic oscillators have the U (n) symmetry.

3 NSSFR of U(3) Group with 3-Fermion

In this section we would like to study the NSSFR of U (3) group with three fermions. For
three fermions, there is only one independent 6-order operator aIa la; aza; a3 and no higher-
order operator. The 2-order operators have been used to realized the standard Schwinger
fermion representation. Here we attend to apply the 4-order operators to establish the
NSSFR.

In the fundamental representation [20] of the U(3), the generators are G; = X;/2,
i=1,2,...,8, where A; are the Gell-Mann matrices. They obey the U (3) algebraic com-
mutation relations

8
[his A1=20) fijihi )
k=1

where f;j; is the structure constant. Notice that the j = I representations of the U (2) algebra
are

0 v2 0
JW =gV i = [0 0 fz},
0 0 0

0 0 0
JW =gV i = [ﬁ 0 o} ,
0

V2 0
10 0
13(1)=|:0 0 0]
00 —1
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The Gell-Mann matrices can be constructed by using the quadratic forms of the above spin-1
matrices as

" \/_(J<1>J<1>+J£1>J3<1>)7
= [ I =10,
A= %[J;”JS), VARNASE
= %(Jf)z +I0%,
As = ‘7"(192 _ g, ©
he = _Tﬁ(Jf)Ji” + 700,
A = ’\/_(ijm T My,
Ag = —[Jil)z’ 151)2] + L[J;njil)’ JO IO,
4v3 2V3

Consequently, if the spin-1 matrices in (9) are replaced by their standard Schwinger
fermionic representations

J'I = \/E(afaz + 0;03),
= \/E(a;al +a§a2), (10)

J =djay—aja; = Ny — N3,
a higher-order representation of the U (3) group can then be obtained as

M = (ajay + ajar)(1 — N3) + (a)as + aja) Ny,
M = (—iajay +iaja))(1 — N3) + (—iajas +iajas) Ny,
= N; — N, —2N|N3 + N\ N, + N, N3,
M= (alas +aja) (1 —2Ny),
A = (—ialaz +iala))(1 —2Ns), (11)
Mo = (ajas +ajar)(1 — Ny) + (aay + aja) N3,
M = (—idjas +ialay)(1 — Ny) + (—iala, +iala))Ns,
= (Ni + N> — 2N5 + 2N, N5 — NaN3 — NiN»)/+/3.
One may verify that the commutation relations of k,’-’ are the same as in (7) due to (5). All

of the operators A" commute with the total number operator. It is worthy to mention that the
non-standard Schwinger representation in (11) does not valid for bosons.
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4 NSSFR with n-Fermion

The above method of getting the NSSFR of U (3) group is not conveniently applicable for
the arbitrary U (n) group. Thus we would like to rewrite (11) into a uniform form, so that it
can be directly generalized to an arbitrary U (n) group.

Let us look at the corresponding matrix-representation of (11) in the occupation number
space, whose standard basis reads

{1, af, a;, ag, al'a;, aiag, a;a;, afaza;'} |vac), (12)

where |vac) is the vacuum state. Based on (12), the operators in (11) correspond the follow-
ing 8 x 8 partitioned matrices:

A=

1

) 13)

cococo
coX> o
o oo
coc oo

where A; denotes the i-th Gell-Mann matrix of U(3). Evidently, matrices A/ satisfy the
commutation relations of U (3) algebra because matrices A; do so. Similarly, the standard
Schwinger fermionic representation )L;f = Zi; =1 a*)\i"‘ﬁaﬁ correspond to the following

o
matrices

0O 0 0 o

: 0 x 0 O
=10 0w ol (14)

0O 0 0 o

where A} = U(-2))U i, A} is the conjugate matrix of A;, and U denotes the unitary matrix

0 0 1
U:|:0 -1 0:|. (15)
1 0 0

In the U (3) case, the occupation number space is divided into four invariant subspaces
specified by the total particle number, which runs from 0 to 3. Generally, the occupation
number space of U(n) group is divided into n + 1 invariant subspaces, where the total
particle number N runs from O to n, and the subspace with N = m is conjugated to the
subspace with N =n — m.

One may define a selective function

m—1 . n—l1

X —1 X —1
o =11=— 11 -, (16)
i M ST

£™(m) =1, and £ (x) =0 when x equals to any other integer between 1 and n — 1.

n

Then the NSSFR of U (3) in (11) can be recast to a very simple form

n=3
M= Y lalnPag fO(N) + aln P ag 12 (N)), (17)
o,f=1
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where N = Y7_ a/a; denotes the total particle number, and fi"(N) = —N + 2 and
3(2) (N) = N — 1 respectively.
Based on (17), the NSSFR of U (n) group can be directly obtained as

M= "alnPag fO(N) +alx P ag {77V (N)), (18)
o,pf=1

where 1} = U(—1})U", the matrix elements of U are Uy, 41— = (—1)""" and the others
are zeros.

5 Representation of U (C}') Group with n-Fermion

In the n-fermion occupation number space, the dimension of the subspace with N =m is
C" =n!/m!(n —m)!. In such a subspace we can construct the Schwinger fermionic repre-

sentation of an U (C}') group. The largest one we can construct is U (C,E%]) group, where [5]
denotes the integer part of /2.

Let us take the 4-fermion case as an example. The subspace with the total number N = 2
is {alal,alal,ala},aja], dja}, ala}}|vac), where a] is the i-th fermionic creation oper-
ator. We introduce the notations as O; = a»a;, O» = aza;, O3 = asay, Oy = azar, O5 =
asay, Og = agaz and i) = O;r [vac). Then the operators Q;;, which behave as the matrices
e;j, in the subspace are

Qi; = 1i)(jl = O] vac)(vac|0; = 0] 0, £ (N), (19)

where the selective function f4(2)(N )=—N2+4+4N —3.

The commutation relations among Q;; are the same as those of ¢;;, i.e., [Q;j, Qul =
8k Qi — 8i; Qk;. All of the 36 Q;;’s commute with the total number operator. If G; denotes
the fundamental representation of i-th generator of the U (6) Lie group, then its Schwinger
fermionic representation can be realized as

6,6 6,6
Gi= ), G'Qu= ) OIGIO0sf7(N). (20)
a=1,p=1 a=1,p=1

In general, one can construct the U (C)") Lie algebra using n-fermion operators. To derive
the mapping, we first define a set n-dimensional vectors ¢ = (&1, &2 ..., ¢,) where each
¢ =0 or 1. There are 2" such vectors, and C of them satisfy > ;_, & = m for a fixed
integer m, where 0 < m < n. Label the C}}' vectors in the descending order, e.g. the first one
is

(V=P =1,....¢V=1,¢",=0,....cV =0). 1)

*Sm T
Due to ¢®, we can define a set of operators as

W ¢ &
O;=al" a"...a;" . (22)

n—1 -+

The element operators are similarly defined as Q;; = 0; O; fn(m)(N ). Their commutation
relations satisfy [Q;j, Oxl = 8k Qis — &;i Qk;. Then the Schwinger fermionic representations
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of the U(C)") group can be realized by

Gr'=Y G’ou,. (23)
a,p

where G; is the i-th C}' x C}}' matrix generator of the U (C}") group, and G;"ﬂ is its element
in (o, B) position.

Let m =n —m, C" = C™. The subspaces with N =m and N = m are mutually conju-
gate. The linear combinations of the operators 7]’

Gl'=) G0l @4
o.p

also obey the commutation relations of U (C}") algebra. Therefore, when m # m, the more
general representation of U (C)') are given by

Gl =) GO+ G 0., (25)
af af

where £, =0or 1, &, + £ #0, G and G’ denotes two C' x C' matrix representations of
the U(C}') group.

6 Conclusion

In conclusion, we have studied the non-standard Schwinger fermionic representation of the
unitary group by using n-fermion operators. we found that the Schwinger fermionic rep-
resentation of the U(n) group is not unique when n > 3. In general, based on n-fermion
operators, the NSSFR of the U (n) group can be established in a uniform approach, where
all the generators commute with the total number operators. The Schwinger fermionic rep-
resentation of U (C)') group is also discussed.
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